Abstract. We consider a Caley graph Γ of a free abelian group (i.e. a lattice) and harmonic functions on Γ with values in a field K of positive characteristic. We are interested in pluri-periodic such functions. Which pluri-periods can occur? This question arises naturally, in the characteristic 2 case, in relation with the game "Lights out" on a rectangular or a toric board, or otherwise in studing the dynamics of linear cellular automata on a lattice Λ. We present two possible reductions of this problem. The first one deals with the Chebyshev-Dickson polynomials and their generalizations. The second one leads to points count on a certain affine algebraic variety Σ over the algebraic closure of K. The points on Σ correspond to harmonic characters on Λ. We express the pluri-periods of harmonic functions on Λ, or (which is the same) the sizes of the toric boards obstructed for the "Lights Out" game, as torsion multi-orders of the corresponding points on Σ.
Introduction
These notes concern pluri-periodic harmonic functions on lattices with values in a field of a positive characteristic. As a motivation, we address the game "Lights Out" following the work of Sutner [Su] , Goldwasser-Klostermeyer-Ware [GKW] , BaruaRamakrishnan-Sarkar [BR, SB] , Hunzikel-Machiavello-Park [HMP] e.a.; see [Za 1 , Za 2 ] for a more detailed account. Our approach explores the harmonic analysis and the algebraic geometry over a positive characteristic field. The Fourier transform allows to interpret pluri-periods of harmonic functions on lattices as torsion multi-orders of points on the corresponding affine algebraic variety.
1.1. The game "Lights Out". The "Lights Out" is a solitary game on a rectangular (m × n)-board. The board is filled in initially with 0's ("black") and 1's ("white" or "lightened"). The rule of the game consists in the following:
A click in a cell changes the situation to the opposite one in this cell and in all its horizonthal and vertical neighbors. Let us give a simple example for m = n = 3: performing subsequently a click in the cell (1, 3), and then in (1, 2), we get: The goal of the game is to reach the "all black" pattern, or, equally, the "all white" one.
Observation 1.1. Indeed, for any finite graph Γ, starting with the "all black" pattern and playing the "Lights Out" game, one can reach the "all white" pattern (Sutner's Garden-of-Eden Theorem).
The nonzero harmonic functions on 1 Γ provide obstructions for the "Lights Out" game on Γ to always win. Definition 1.2. Let Γ be a graph and K be a field. A function h : Γ → K is called harmonic if
where
is the star-function centered at v. Observation 1.3. Let K = F 2 , and let Γ be a graph. The click in a vertex v ∈ Γ corresponds to the shift f −→ f + a v mod 2 in the space of all functions on Γ. Thus f is winning i.e., starting with f one can reach the "all white" pattern, if and only if f ∈ span (a v | v ∈ Γ) . For any harmonic function h on Γ,
Hence < h, f >=< h, f + a v > ∀v ∈ Γ. Therefore h yields an invariant of the game "Lights Out" on Γ. Moreover any invariant can be obtained in this way. So a pattern f : Γ → K is winning if and only if f ⊥ Harm(Γ) , where Harm(Γ) stands for the space of all harmonic functions on Γ. can be lifted to a bi-periodic harmonic functioñ
with periods me 1 and ne 2 . It can be seen that Problem 1.5 for rectangular boards is essentially equivalent to a similar question for toric ones. In turn, Problem 1.5 for toric boards is equivalent to the following one. 
It can be lifted to a bi-periodic harmonic function on Λ = Z 2 with periods 10e 1 , 10e 2 .
Remark 1.10. Consider the "Laplacian"
where f : Λ → K is an arbitrary function and the kernel a 0 is the star-function on Λ centered at the origin. Then
Observation 1.11. For a pluri-periodic functionh on Λ, its period vectors form a finite index sublattice
The quotient torus T = Λ/Λ ′ is a finite abelian group, andh is the pull-back of a harmonic function h : T → K for an appropriate Laplacian on T.
Remark 1.12. Iterating the Laplacian gives a linear cellular automaton on Λ; cf. e.g. Martin-Odlyzko-Wolfram [MOW] . Actually any homogeneous linear cellular automaton on Λ appears in this way. Example 1.13. For a circular graph T n = Z/nZ one has
defines a harmonic function on T n . Conversely, since
where τ : f (x) −→ f (x + 1 mod n) is a shift, by the Spectral Mapping Theorem one has: 
is a Chebyshev-Dickson polynomial of the first kind. Hence
The system (T n ) of the Chebyshev-Dickson polynomials over a finite Galois field F p possesses the following properties:
The following theorem provides two different kind of answers to Problem 1.5 for toric boards; both are inexplicit. The first one applies over the original field K = F 2 , while the second one deals with its algebraic closureK. Theorem 1.15.
(a) For a 2-torus T m,n = Z/mZ × Z/nZ one has
1.2. Generalized Chebyshev-Dickson polynomials. Let us consider more generally a lattice Λ, a field K of characteristic p > 0, a function a : Λ → K with finite support, and the corresponding Laplacian
For a pluri-periodic function f : Λ → K with the lattice of periods Λ ′ ⊆ Λ, the period lattice of the image ∆(f ) contains Λ ′ . So the subspace
Definition 1.16. We call a generalized Chebyshev-Dickson polynomial T a,Λ ′ the characteristic polynomial of the restriction ∆|F Λ ′ (Λ, K). It has degree
The classical Chebyshev-Dickson polynomial T n corresponds to
For a product sublattice
Likewise in the classical case, the system of generalized Chebyshev-Dickson polynomial possesses the following Divisibility Properties.
1.3. Partnership graph. We return now to the special case where Λ = Z 2 , K = F 2 and a = a 0 is the star function. Let us note that a covering T km,ln → T m,n yields an inclusion Harm (T m,n ) ֒→ Harm (T km,ln ) . Thus in Problem 1.8 one can restrict to "primitive" pairs (m, n) ∈ N 2 . Such a pair, called a pair of partners, can be characterized by the following preoperty: There exists a solution (ζ 1 , ζ 2 ) of ( * ) with exact torsion orders m = ord(ζ 1 ), n = ord(ζ 2 ) .
Since char (K) = 2, both m and n are odd. Following a suggestion by Don Zagier, we can present the above partnership relation via a graph. This partnership graph P has N odd as the set of vertices and the pairs of partners as edges. We label an edge [m, n] by the number of solutions of ( * ) divided by 2. Given a vertex n ∈ N odd , the sum of labels over all its incident edges equals ϕ(n), where ϕ stands for the Euler totient function. In particular P does not possess isolated vertices. 
with the coefficient function a. The symbolic variety associated with ∆ a is Σ a = σ −1 a (0) . More generally, to a sequenceā = (a 1 , . . . , a n ) (or to the system of corresponding Laplacians ∆ a j ) we associate its symbolic variety Σā = {σ a j = 0 : j = 1, . . . , t} . This is an affine algebraic subvariety of the algebraic torus (K × ) s .
Example 1.19. The symbolic variety which corresponds to the Laplacian ∆ a on the plane lattice Λ = Z 2 with kernel the star function a = a 0 , is the elliptic cubic curve
The classical Hasse-Weil formula for the zeta-function counts points on Σ a according to the filtrationF p = n∈N F p n . This formula suggests that the number of toric (m × n)-boards which admit a nonzero harmonic function is infinite. Moreover, the number of primitive ones, which are not produced using smaller such boards, is also infinite. Indeed, the number of edges of the partnership graph P is infinite, because the number of vertices is and P has no isolated vertex.
For n ∈ N coprime with p we let µ n ⊆ K × denote the subgroup of nth roots of unity. For a multi-indexn ∈ N s , where n i ≡ 0 mod p ∀i, we let
s has a filtration defined by such finite subgroups:
1.5. Harmonic characters. We let Char(Λ, K × ) denote the set of all characters χ : Λ → K × . Given a basis (v 1 , . . . , v s ) of Λ we consider the associate isomorphism
For K =F p every character of Λ is pluri-periodic. Given a sublattice Λ ′ ⊆ Λ of finite index, all Λ ′ -periodic characters can be produced by pulling back the characters of the quotient group T = Λ/Λ ′ . A character χ is called a-harmonic if ∆ a (χ) = 0. We let Char a−harm (Λ, K × ) denote the set of all a-harmonic characters of Λ. The Fourier transform yields the following Proposition 1.20. For any product sublattice
the space Harm a (T) of all a-harmonic functions on the quotient group T = Λ/Λ ′ possesses an orthonormal basis of a-harmonic characters. In particular
There is a natural bijection between the a-harmonic characters Char a−harm (T, K × ) and the points on the corresponding symbolic variety Σ a with torsion multi-order dividingn. More precisely, the following hold. Theorem 1.21. For any product sublattice
with the quotient group T = Λ/Λ ′ of order coprime to p, the isomorphism j as in (1) provides a bijection
which yields in turn a bijection
Remark 1.23. For a non-algebraically closed field K, the space Harm a (T, K) is spanned by the traces of harmonic characters.
Observation 1.24. Reversing the logic let us consider an arbitrary affine algebraic subvariety Σ in the torus (K × ) s defined by a finite sequence (p j ) of Laurent polynomials. When does Σ possess a point with a given torsion multi-order?
To answer this question, we consider the associate system of Laplacians ∆ a j , j = 1, . . . , t, where a j : Z s → K is the coefficient function of the polynomial p j . It is easily seen that the orthogonal projection
is given by
s this leads to a dynamical way to find a point with a given torsion multi-order. Namely Σ a ∩ µn = ∅ if and only if the following sequence of functions on the quotient group T = Λ/Λ ′ ,
is not periodic. Indeed, in the latter case f k+l = f k for certain minimal k, l with k > 0, l > 0, and so h = f k+l−1 − f k−1 is a nonzero harmonic function on T.
1.6. Winning boards and Artin's conjecture on primitive roots. The following remarkable theorem [HMP] concerns the existence of harmonic functions on a square board with values in a Galois field F p of characteristics p > 0 as p varies.
Theorem 1.25. (Hunzikel-Machiavello-Park) For a square n × n torus T n,n the following hold.
(a) ∀n ≥ 3 ∃p : Harm (T n,n ,
Harm (T n,n , F p ) = (0) ∀p ⇐⇒ n ≡ 0 mod 3 or n ≡ 0 mod 5 .
(c) Except for at most 2 values of the prime p, the set of all primes l such that
The proof of (c) is based on a deep result of Heath-Brown [HB] concerning the following Artin conjecture.
Artin's conjecture on primitive roots: Every integer n = −1 which is not a square is a primitive root modulo l for an infinite number of primes l.
A theorem due to Heath-Brown claims that the conjecture holds for all primes p = n with at most 2 exceptions, and for all square-free integers n with at most 3 exceptions. For instance, among the primes 2, 3, 5 at least one must satisfy Artin's condition. However, no concrete prime p with Artin's property has been found so far.
Harmonic functions on trees
Let Γ be a finite graph. Following Amin-Slater-Zhang [ASZ] (see also GravierMhalla-Tannier [GMT] ), one can reduce Γ by applying the following surgeries:
• suppressing a pair of extremal vertices u, v joint with a common neighbor w;
• suppressing an extremal linear branch of length 2, say, [u, v] ∪ [v, w] together with all incident edges at w. Proposition 2.1. Let G be a tree, and let Γ ′ be a graph obtained from Γ by performing a sequence of surgeries as above. Then dim Harm (Γ ′ ) = dim Harm (Γ) .
Indeed, any harmonic function h : Γ → K restricts to a harmonic function on Γ ′ and vice versa, any harmonic function h ′ : Γ ′ → K extends uniquely to a harmonic function on Γ.
Every finite tree Γ can be reduced to a union of isolated vertices and isolated edges by applying successively a suitable sequence of the above surgeries. This leads to the following result.
Corollary 2.2. dim Harm (Γ) is equal to the number of isolated edges in any reduction of Γ as above.
Problem 2.3. Find an alternative geometric interpretation of the invariant dim Harm (Γ).
Example 2.4. We say that a graph Γ is odd if the degree of each vertex of Γ is odd. For any finite odd tree Γ, dim Harm (Γ, F 2 ) = 1 . Moreover, the only nonzero harmonic function on Γ with values in F 2 is the constant function 1. However, dim Harm (Γ, F 2 ) = ∞ for any infinite locally finite odd tree Γ.
